
Performance evaluation of a
two-machine line with a finite buffer
and condition-based maintenance

Mohamed-Chahir Fitouhi, Mustapha Nourelfath, and
Stanley B. Gershwin

Laval University, Massachusetts Institute of Technology

11th SMMSO Conference Acaya (Lecce), Italy

June 4-9, 2017

Condition-Based Maintenance Copyright c©2017 Stanley B. Gershwin. All rights reserved.



Introduction

Introduction
Goal of Research

• The goal of this research is to combine two important areas:
preventive maintenance and production line analysis.

? Until recently, production line analysis was restricted to simple
models of machines. Machines were modeled as Markov chains
usually with one or two states. Operation times were most often
deterministic or exponentially distributed, and machines could be
operational or under repair.

? The maintenance literature has not focused on the effects of
maintenance on manufacturing systems composed of machines
separated by finite buffers.
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Introduction

Introduction
Research Approach

• Recent work in production line analysis has made it possible to
analyze systems with models of machines with arbitrary Markov
chain structures and arbitrary numbers of states.

? This has made it possible to model production lines with machines
that have multiple down states, with machines that have
non-exponential up- and down-times, and with multiple machines in
parallel.

? Here, we apply this new technology to model machines that
deteriorate with use, and whose condition is improved with
maintenance.
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Introduction

Introduction
Kinds of Preventive Maintenance

• The purpose of preventive maintenance is prevent machines from
failing catastrophically or at inconvenient times, and to reduce the
effects of quality deterioration.

• Maintenance events can be determined by
? A fixed schedule
? Hours of usage since the previous maintenance
? Direct observation of wear on tools
? Observation of the effects of tool wear on parts

• The last two are examples of condition-based maintenance.
Recent advances in sensor and computer technology have made
this possible and have reduced costs.

• Here, we use recent advances in machine models to incorporate
condition-based maintenance in production line analysis.

Condition-Based Maintenance Copyright c©2017 Stanley B. Gershwin. All rights reserved.4



Introduction

Introduction
Kinds of Preventive Maintenance

• The purpose of preventive maintenance is prevent machines from
failing catastrophically or at inconvenient times, and to reduce the
effects of quality deterioration.

• Maintenance events can be determined by

? A fixed schedule
? Hours of usage since the previous maintenance
? Direct observation of wear on tools
? Observation of the effects of tool wear on parts

• The last two are examples of condition-based maintenance.
Recent advances in sensor and computer technology have made
this possible and have reduced costs.

• Here, we use recent advances in machine models to incorporate
condition-based maintenance in production line analysis.

Condition-Based Maintenance Copyright c©2017 Stanley B. Gershwin. All rights reserved.4



Introduction

Introduction
Kinds of Preventive Maintenance

• The purpose of preventive maintenance is prevent machines from
failing catastrophically or at inconvenient times, and to reduce the
effects of quality deterioration.

• Maintenance events can be determined by
? A fixed schedule

? Hours of usage since the previous maintenance
? Direct observation of wear on tools
? Observation of the effects of tool wear on parts

• The last two are examples of condition-based maintenance.
Recent advances in sensor and computer technology have made
this possible and have reduced costs.

• Here, we use recent advances in machine models to incorporate
condition-based maintenance in production line analysis.

Condition-Based Maintenance Copyright c©2017 Stanley B. Gershwin. All rights reserved.4



Introduction

Introduction
Kinds of Preventive Maintenance

• The purpose of preventive maintenance is prevent machines from
failing catastrophically or at inconvenient times, and to reduce the
effects of quality deterioration.

• Maintenance events can be determined by
? A fixed schedule
? Hours of usage since the previous maintenance

? Direct observation of wear on tools
? Observation of the effects of tool wear on parts

• The last two are examples of condition-based maintenance.
Recent advances in sensor and computer technology have made
this possible and have reduced costs.

• Here, we use recent advances in machine models to incorporate
condition-based maintenance in production line analysis.

Condition-Based Maintenance Copyright c©2017 Stanley B. Gershwin. All rights reserved.4



Introduction

Introduction
Kinds of Preventive Maintenance

• The purpose of preventive maintenance is prevent machines from
failing catastrophically or at inconvenient times, and to reduce the
effects of quality deterioration.

• Maintenance events can be determined by
? A fixed schedule
? Hours of usage since the previous maintenance
? Direct observation of wear on tools

? Observation of the effects of tool wear on parts

• The last two are examples of condition-based maintenance.
Recent advances in sensor and computer technology have made
this possible and have reduced costs.

• Here, we use recent advances in machine models to incorporate
condition-based maintenance in production line analysis.

Condition-Based Maintenance Copyright c©2017 Stanley B. Gershwin. All rights reserved.4



Introduction

Introduction
Kinds of Preventive Maintenance

• The purpose of preventive maintenance is prevent machines from
failing catastrophically or at inconvenient times, and to reduce the
effects of quality deterioration.

• Maintenance events can be determined by
? A fixed schedule
? Hours of usage since the previous maintenance
? Direct observation of wear on tools
? Observation of the effects of tool wear on parts

• The last two are examples of condition-based maintenance.
Recent advances in sensor and computer technology have made
this possible and have reduced costs.

• Here, we use recent advances in machine models to incorporate
condition-based maintenance in production line analysis.

Condition-Based Maintenance Copyright c©2017 Stanley B. Gershwin. All rights reserved.4



Introduction

Introduction
Kinds of Preventive Maintenance

• The purpose of preventive maintenance is prevent machines from
failing catastrophically or at inconvenient times, and to reduce the
effects of quality deterioration.

• Maintenance events can be determined by
? A fixed schedule
? Hours of usage since the previous maintenance
? Direct observation of wear on tools
? Observation of the effects of tool wear on parts

• The last two are examples of condition-based maintenance.
Recent advances in sensor and computer technology have made
this possible and have reduced costs.

• Here, we use recent advances in machine models to incorporate
condition-based maintenance in production line analysis.

Condition-Based Maintenance Copyright c©2017 Stanley B. Gershwin. All rights reserved.4



Introduction

Introduction
Kinds of Preventive Maintenance

• The purpose of preventive maintenance is prevent machines from
failing catastrophically or at inconvenient times, and to reduce the
effects of quality deterioration.

• Maintenance events can be determined by
? A fixed schedule
? Hours of usage since the previous maintenance
? Direct observation of wear on tools
? Observation of the effects of tool wear on parts

• The last two are examples of condition-based maintenance.
Recent advances in sensor and computer technology have made
this possible and have reduced costs.

• Here, we use recent advances in machine models to incorporate
condition-based maintenance in production line analysis.

Condition-Based Maintenance Copyright c©2017 Stanley B. Gershwin. All rights reserved.4



Introduction

Introduction
Overview of Talk

• We introduce a model of a deteriorating machine.

? There are multiple operational and failed states.
? As the machine is used, it goes to worse states, or it fails and is

repaired, at random times. We assume that we have perfect
knowledge of the machine state.

? The operator may perform maintenance when it is in a specified
degraded state to bring it to a specified better state.

I The maintenance policy is the state at which maintenance is
started and the state that it goes to.

? Failures such as a burned motor or an interruption of supply of
consumable are repaired immediately. These are minimal repairs and
they return the machine to the same deteriorated operational state
as before the failure.
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Introduction

Introduction
Overview of Talk

• The machine is modeled as a simple Markov chain.

• The steady-state performance (production rate, maintenance cost)
is a function of the maintenance policy.

• We can form a simple optimization problem: choose the
maintenance policy that minimizes maintenance cost subject to a
production rate constraint.
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Introduction

Introduction
Overview of Talk

• We add a second machine and a buffer.

? This creates a two-machine line with complex machines.

? The machines may have different maintenance policies.

? The steady-state probability distribution can be evaluated.

? The performance measures are the production rate, the maintenance
cost, and the average inventory.

• We present numerical results.

• We discuss issues related to optimization, but we defer a full
discussion of it.
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Single Machine

Single Machine Model
Without Maintenance

1

c+ 2

α1

r1p1

αbαa−1
a

c+ 1 + a

αa

rapa

αb−1
b

c+ 1 + b

rbpb

b+ 1

c+ 2 + b

αb+1

rb+1pb+1

c

2c+ 1

αc−1

rcpc

Model of a deteriorating machine without maintenance

• Continuous time, discrete state, continuous material.

• States 1, ..., c are operational states.

• Processing rate in state i is µi ≥ 0, i = 1, ..., 2c + 1;µi = 0, i > c.

• Deterioration: transition rate from i to i + 1 is αi , i = 1, ..., c − 1.

• When the machine is in state i , it can go to state c + 1 + i at rate pi .
This is a failure. The processing rate in c + 1 + i is 0. It can go from
c + 1 + i to i at rate ri (a minimal repair).

Without maintenance, the final class of states is c and 2c + 1.
Condition-Based Maintenance Copyright c©2017 Stanley B. Gershwin. All rights reserved.8



Single Machine

Single Machine Model
Deterioration

In this framework, we can model deterioration with

• µi decreasing with i , i = 1, ..., c;

? This represents the machine slowing down or yield decreasing when
bad parts are detected and discarded immediately.

• pi increasing with i , i = 1, ..., c;

• ri decreasing with i , i = 1, ..., c.

Future research will generalize the model to include more kinds of
deterioration.
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Single Machine

Single Machine Model
With Maintenance

1
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c

2c+ 1
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c+ 1

Model of a deteriorating machine with maintenance from b to a

• The maintenance policy is (b, a).

• When the machine is in state b, and a further deterioration occurs, the system
is not allowed to go to state b + 1.

• Instead, it goes to a new state, called c + 1. This represents a maintenance
activity. µc+1 = 0.

• When the maintenance is completed, the machine goes to state a.
• The transition time (ie, the time to perform the maintenance) is exponentially

distributed with rate βba.

The final class of states is {a, ..., b, c + 1, c + 1 + a, ..., c + 1 + b}.
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Single Machine

Single Machine Model
Performance

Production rate

• Let Pi be the steady-state probability of finding the system in state
i .

• Pi = 0 for all states not in the final class.

• The other Pi are found by solving the steady-state transition and
normalization equations.

• Production only occurs in operational states. Therefore the
production rate is

ρ =
c∑

i=1
µi Pi =

b∑
i=a

µi Pi
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Single Machine

Single Machine Model
Performance

Production rate and the maintenance policy

• The maintenance policy (b, a) determines the production rate.

? The time and cost to do maintenance depends on how far apart a
and b. The further apart, the longer and more expensive. This is
data for this analysis.

? The frequency of maintenance also depends on how far apart a and
b. The further apart, the less frequent. This is an outcome of this
analysis.

? Production rate decreases with maintenance time and maintenance
frequency.
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Single Machine

Single Machine Model
Performance

Operating cost and the maintenance policy

• The maintenance policy (b, a) determines the operating cost.

? Maintenance and minimal repairs both cost money.
I An (b, a) maintenance event that takes T time units costs

CPM baT .
I If the machine fails while it is in state i and the minimal repair takes

T time units, the repair costs CMRiT .

? Therefore, the total maintenance cost rate, the average steady-state
rate of expenditure on minimal repairs and maintenance, is

TMC (b, a) =
b∑

i=1
Pi+c+1CMRi + Pc+1CPM ba
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Single Machine

Single Machine Optimization Problem

Problem: Choose a maintenance policy to minimize the operating cost
such that the production rate is greater than some value:

min
(b,a)

b∑
i=1

Pi+c+1CMRi + Pc+1CPM ba

subject to

ρ =
b∑

i=a
µi Pi ≥ K
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Single Machine

Numerical Example

Problem: Find a maintenance strategy to minimize total cost such that
the production rate ρ of a machine is greater than or equal to .8. The
machine has four operational states1.

There are 10 possible policies: (1,1), (2,1), (2,2), ..., (4,1), (4,2), (4,3),
(4,4).

1

6

α1

r1p1

β3,1 α3

µ1

2

7

r2p2

µ2

4

9

r4p4

µ4

5

α2
3

8

r3p3

µ3

Machine model with optimal solution

1Details of all examples (including parameter values) are in Fitouhi, Nourelfath,
and Gershwin, Reliability Engineering and System Safety, 2017, available on line.
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Single Machine

Numerical Example

b a Production Minimal Preventive Total
rate repair cost maintenance cost cost

1 1 0.9390 11.7371 56.3380 68.0751
2 1 0.8958 14.4635 50.3888 64.8523
2 2 0.7941 17.6471 70.5882 88.2353
3 1 0.8562 15.0024 46.9132 61.9156
3 2 0.7711 17.0790 57.5851 74.6641
3 3 0.7034 15.5172 68.9655 84.4828
4 1 0.7992 14.4684 68.2047 82.6730
4 2 0.7182 15.7562 66.8644 82.6206
4 3 0.6621 14.3956 61.5385 75.9341
4 4 0.5769 12.3077 61.5385 73.8462

Production rates and maintenance costs
for all possible maintenance strategies
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Two Machines, One Buffer

Two-Machine, One-Buffer Model

M 1 M 2B

• Both machines are modeled the same way as the single machine
model already described.

• Minimal failures and degradation are operation-dependent.

• Notation: same as before, but each parameter and variable has a
superscript indicating the machine.

• State: (x , i1, i2) in which x is the amount of material in the buffer
and ij is the state of machine j , j = 1, 2.

• Decision variables:
? the maintenance policy of both machines (written (b1, a1, b2, a2)),

and
? the buffer size N.
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Two Machines, One Buffer

Two-Machine One-Buffer Model
x dynamics

M 1 M 2B

• If the buffer is neither empty nor full (0 < x < N),

dx
dt = µ1

i1 − µ
2
i2

• If the buffer is empty(x = 0), µ2
i2 > 0, and µ1

i1 − µ
2
i2 < 0 then

dx
dt = 0 and p2

i2 and α2
i2 are reduced.

• If the buffer is full (x = N), µ1
i1 > 0, and µ1

i1 − µ
2
i2 > 0 then

dx
dt = 0 and p1

i1 and α1
i1 are reduced.
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Two Machines, One Buffer

Two-Machine One-Buffer Model

• Tan and Gershwin (2009, 2011) describe the analysis of
two-machine, one-buffer lines with continuous material. The buffer
is finite, and the machines are modeled with arbitrary
discrete-state, continuous time Markov chains. Each state can
have a different processing rate.

• The result of the analysis is the probability distribution of (x , i1, i2).

• The distribution is represented by

? a set of density functions f (x , i1, i2), 0 ≤ x ≤ N, and

? a set of probability masses P(0, i1, i2) and P(N, i1, i2).

• We use this methodology to evaluate the system we described in
this presentation.
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Two Machines, One Buffer

Performance Measures

Production rate
The rate of flow of material into the first machine is

Π =
∑

(i1,i2)∈S0

µ1
i1 P(0, i1, i2) +

∑
(i1,i2)∈SM

∫ N

0
µ1

i1 f (x , i1, i2)dx +
∑

(i1,i2)∈SN

µ2
i2 P(N, i1, i2)

This is the same as the rate of flow out of the second machine (given by a similar
expression) which is the production rate of the line.

Average buffer level:

x =
(2c1+1)∑

i1=1

(2c2+1)∑
i2=1

(∫ N

0
xf (x , i1, i2)dx + NP(N, i1, i2)

)
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Two Machines, One Buffer

Performance Measures

The steady-state probability of machine 1 being in state i1 is

P1
i1 =

2c2+1∑
i2=1

( ∫ N

0
f (x , i1, i2)dx + P(0, i1, i2) + P(N, i1, i2)

)
,

i1 = 1, . . . 2c1 + 1

The steady-state probability of machine 2 being in state i2 is

P2
i2 =

2c1+1∑
i1=1

( ∫ N

0
f (x , i1, i2)dx + P(0, i1, i2) + P(N, i1, i2)

)
,

i2 = 1, . . . 2c2 + 1
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Two Machines, One Buffer

Performance Measures
Costs

The expected minimal repair cost for machine j is

CMRj =
cj∑

ij =1

(
CMRj

ij P
j
ij +cj +1

)

The expected preventive maintenance cost for machine j subject to
maintenance policy (bj , aj) is:

CPM j = CPM j
bj ,aj

P j
cj +1

j = 1, 2
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Two Machines, One Buffer

Performance Measures
Costs

The total maintenance cost is:

TMC =
c1∑

i1=1

(
CMR1

i1P1
i1+c1+1

)
+ CPM 1

b1,a1P1
c1+1

+
c2∑

i2=1

(
CMR2

i2P2
i2+c2+1

)
+ CPM 2

b2,a2P2
c2+1

The total inventory holding cost is

TCinv = Cinv x

The total cost is

TC = TMC + TCinv
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Examples

Example 1 — Simple Optimization

• In Example 1, the two machines are the same as the one in the
single-machine example.

• The buffer size is N = 20.

• There are 100 possible combinations of maintenance policies of
both machines. We evaluate all of them.

• Consider the problem of choosing the policy with the least total
cost and with a production rate Π greater than or equal to
Πmin = .75.
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Examples

Example 1 — Simple Optimization

• On the next slide, we list all policies, and their performance
measures, that have a production rate greater than or equal to
Πmin = .75. (There are 26.)

• The optimal policy is (3,2,1,1).

• Note that using the single-machine optimal policy for both
machines (3,1,3,1) is 19% more expensive.

• Note also the difference in performance between (3,2,1,1) and
(1,1,3,2). It is better if the first machine is the bottleneck, if you
have a choice.
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Examples

Example 1 — Simple Optimization
Machine M1 Machine M2 Two-machine line

b1 a1 ρ1 b2 a2 ρ2 x Π TC
1 1 0.9390 1 1 0.9390 10.0000 0.9095 181.872
1 1 0.9390 2 1 0.8958 13.0958 0.8744 192.177
2 1 0.8958 1 1 0.9390 6.9042 0.8744 161.220
2 1 0.8958 2 1 0.8958 10.0000 0.8507 173.173
3 1 0.8562 1 1 0.9390 5.4381 0.8390 150.125
1 1 0.9390 3 1 0.8562 14.5619 0.8390 195.744
3 1 0.8562 2 1 0.8958 8.0210 0.8217 160.421
2 1 0.8958 3 1 0.8562 11.9790 0.8217 180.211
3 1 0.8562 3 1 0.8562 10.0000 0.7986 168.246
4 1 0.7992 1 1 0.9390 4.4390 0.7856 162.191
1 1 0.9390 4 1 0.7992 15.5610 0.7856 217.801
2 2 0.7941 1 1 0.9390 2.1521 0.7846 154.818
1 1 0.9390 2 2 0.7941 17.8479 0.7846 233.297
2 2 0.7941 2 1 0.8958 3.7451 0.7801 161.880
2 1 0.8958 2 2 0.7941 16.2549 0.7801 224.430
4 1 0.7992 2 1 0.8958 6.5522 0.7727 170.379
2 1 0.8958 4 1 0.7992 13.4478 0.7727 204.857
2 2 0.7941 3 1 0.8562 6.0344 0.7658 171.945
3 1 0.8562 2 2 0.7941 13.9656 0.7658 211.601
3 2 0.7711 1 1 0.9390 1.8563 0.7626 140.924
1 1 0.9390 3 2 0.7711 18.1437 0.7626 222.361
3 2 0.7711 2 1 0.8958 3.0820 0.7594 146.417
2 1 0.8958 3 2 0.7711 16.9180 0.7594 215.597
3 1 0.8562 4 1 0.7992 11.7171 0.7551 194.299
4 1 0.7992 3 1 0.8562 8.2829 0.7551 177.128
2 2 0.7941 2 2 0.7941 10.0000 0.7502 216.705

N = 20. Possible maintenance strategies with Π ≥ Πmin = 0.75.
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Examples

Example 2 — Varying Production Rate Constraint

• In this example, we vary the production rate constraint Πmin. All
other parameters are the same as in Example 1.

• We show the effect on the optimal choice of policy and the total
cost.

• Observations:

? The first machine is the bottleneck for all Πmin except for the
highest value (in which the line is balanced).

? The cost increases with Πmin.
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Examples

Example 2 — Varying Production Rate Constraint
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Examples

Example 3 — Varying Buffer Size

• Here, we vary buffer size and we consider total cost.

• Production rate is not considered.

• The graph shows that the minimal cost strategy and the cost are
functions of the buffer size.

• As the buffer size increases, the average inventory increases. In this
case, this is the major influence on the cost.

• The policy changes at N = 10 to reduce the growth of inventory as
the buffer size grows. This reduces the production rate of the line.

• The production rate at N = 20 is less than that at N = 6!!
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Examples

Example 3 — Varying Buffer Size
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Examples

Example 4 — Varying Inventory Holding Cost

• In this example, we vary the inventory holding cost Cinv and hold
all other parameters, including the buffer size, constant. We select
the maintenance policy to minimize the total cost and keep
Π ≥ Πmin = .7.

• Slide 32 shows the costs of some of the policies and it indicates the
optimal policy. The cost of the optimal policy increases, but at a
decreasing rate.
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Examples

Example 4 — Varying Inventory Holding Cost

• Slide 34 shows the expected buffer level as a function of the
holding cost. Note that the inventory level drops each time the
policy changes.

• This must be because as the inventory holding cost goes up, it is
better to reduce inventory.

• Inventory can be reduced by speeding up the second machine
(increasing ρ2) and slowing down the first machine (decreasing ρ1).
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Examples

Example 4 — Varying Inventory Holding Cost

• Slide 36 shows the isolated production rates (ρ1 and ρ2) and the
line production rate Π as functions of the holding cost.

? ρ1 increases the first time the maintenance policy changes, and then
stays constant.

? ρ2 decreases each time the maintenance policy changes.

? Π goes up and then goes down. It is always greater than Πmin = .7,
and it gets close to .7 as Cinv increases.
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Examples

Example 4 — Varying Inventory Holding Cost
Interpretation

• As the inventory cost increases, the maintenance policy is chosen
to reduce inventory.

• Extra maintenance is done to slow down the first machine!

• In the real world, there are smarter ways to slow down a machine.

? Turn it off temporarily.
? Operate it at less than maximum speed.

• This means that we must modify the optimization problem
formulation for it to be meaningful. The modified problem will
have more decision variables.
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New Optimization Problem

New Optimization Problem

• Within the framework already described, it would be awkward to
model a temporary shut-down of a machine whose time and
duration are decision variables.

• Instead, we use the speed at which the machine is operating as a
decision variable.

• Define uj
ij to be the processing rate of machine j while it is in

degradation state ij .

• Then 0 ≤ uj
ij ≤ µ

j
ij .
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New Optimization Problem

Summary: In the new optimization problem, the decision variables are
the

• Maintenance policy (b1, a1, b2, a2)

• Buffer size N

• Processing rates uj
ij , 0 ≤ uj

ij ≤ µ
j
ij .

All variables, parameters, and constraints defined previously are also
part of the optimization problem.
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Conclusion

Conclusions

• We have described a new model of a production machine which is
unreliable, which degrades, and which is subject to condition-based
maintenance.

• We have described a small production line consisting of two such
machines and an in-process inventory buffer.

• We have performed numerical experiments and described
observations of its qualitative behavior.

• We have proposed an initial version of an optimization problem to
determine simultaneously the maintenance policy, the buffer size,
and the speed of operating the machines.
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Conclusion

Future Research

• Other forms of deterioration

? increasing failure rate
? decreasing quality

• Generalization of the transition processes to non-exponential
distributions

• Time-based preventive maintenance

• Imperfect knowledge of the machines’ degradation states
• Maintenance policy and machine speed a function of buffer level

? Simultaneous optimization of buffer size and of maintenance policy
and processing rate functions of buffer level

• Longer lines

• Optimization of longer lines
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Thank you.
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