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Introduction

 In many manufacturing environments, production systems (workstations)

are interconnected with material handling systems (e.g. automated

guided vehicles).

 Estimating the number of vehicles

required is one of the most important

issues at the tactical level of the

design and control processes of such

systems.

 Performance modeling of such integrated systems is a complex problem

because of the state-dependency on the arrival and departure processes.
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Introduction

 Existing research on the design and analysis of production systems and

material handling systems lacks an in-depth consideration of the

integration of these two areas.

 Queueing (network) models:

• Isolated queueing models with finite buffers and bulk arrival or service.

• Closed queueing network models without batch transfer.

• Open queueing network models with batch transfer and infinite buffers .

Open queueing network with finite buffers

and state-dependent batch transfer
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Model description

2.1 System description & assumptions

Workstation 1

Front buffer

ith fleet of vehicles

Input Output

Workstation 2 Workstation M-1 Workstation M

Vehicles 1 Vehicles M-1

Rear buffer

ith workstation (i+1)th workstation

Wi Wi+1ViBfi BriVi-1 Bfi+1 Bri+1 Vi+1



2

June 12, 2017 SMMSO 2017 6

2.1 System description & assumptions

Service discipline: “First-come-first-served”

• 0 < n < C x = n

• n ≥ C x = C

x := the transferred batch size.

n := the current number of jobs at Bri.

C := the maximum capacity of the vehicle.

Loading discipline: “Either empty (buffer) or full (vehicle)”

• n = 0 waiting
State-dependent batch transfer: the transferred batch size depends on the 

current number of jobs at the buffers and the capacity of transporters.

WiBfi BriVi-1 Wi+1Bfi+1 Bri+1 Vi+1

r := the current number of vacancies at Bfi+1.

x := the transferred batch size..

Unloading discipline: “Wait until empty (vehicle)”

• r  ≥ x moving back

• r  < x waiting

WiBfi BriVi-1 Wi+1Bfi+1 Bri+1 Vi+1
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• External jobs arrival : Poission Process (λ).

• Processing times at each workstation : Exponentially distributed (μi).

• Pure travel times of vehicles (forward or backward)

: Independent and exponentially distributed (τi).

Exponential transporting rate of vehicles : vi=(2τi)
-1.

2.1 System description & assumptions

Production Blocking Delivery Blocking

Pick-up Idling Drop-off Idling

Jobs Blocking: 

Vehicles Idling: 

WiBfi BriVi-1 Wi+1Bfi+1 Bri+1 Vi+1
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Model description

2.2 Optimization problem formulation

s.t. Θ(X) ≥ Θmin, 

T(X) ≤ Tmax.

xi := The number of vehicles in the ith fleet, xi∈N+.

X := The vector of vehicle configuration, X={xi}.

c := The unit price of a vehicle.

Q := Total investment cost.

Θ := System mean throughput.

T := System mean sojourn time.

No closed-form functions are

available for Θ(X) and T(X).

(To minimize the total investment cost)

(The mean throughput constraint) 

(The mean sojourn time constraint)

Vehicle Configuration Problem

Decomposition of State Space Method
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Proposed performance evaluation method

3.1 Queueing network model

Node 1a

W1 W2V1Bf1 Br1 Bf2 Br2 WM-1 WMVM-1 BfMBfM-1 BrM-1

Node 1b Node 1c Node 2a Node 2b Node (M-1)a Node (M-1)b Node (M-1)c Node Ma

Node ia (i=2,3,···,M)     : Batch arrivals with individual processing

Node 1a                         : Individual arrival with individual processing

Node ib (i=1,2,···,M)    : Individual arrival with batch processing 

Node ic (i=1,2,···,M-1) : Batch arrivals with batch processing

Node ia Node ib Node ic Node (i+1)a Node (i+1)b 

Wi Wi+1ViBfi Bri Bfi+1 Bri+1Vi-1 Vi+1
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Proposed performance evaluation method

3.2 Formulation of the sub-systems

I. State Space

Node ic
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nic:= the number of jobs in the vehicle.

si := the status of the vehicle.

Node ib nic:= the number of jobs at the rear buffer.

si := the status of the related vehicle.
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Node ia
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nic:= the number of jobs at the node.

si-1 := the status of the related vehicle.
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wi := the condition of the server.

ri-1 := the number of remaining jobs in the vehicle.

si-1 := the status of the related vehicle.

wi := the condition of the server.

 Processes of transition between states: Exponential process

 Continuous-Time Markov Chains (CTMC) for each sub-system

• A fleet of X equivalent vehicles can be approximated by a single vehicle traveling

X-times faster (Srinivasan et al. 1994).

3.2 Formulation of the sub-systems
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3.2 Formulation of the sub-systems

① State Transition: Empty Trip → Pick-up Idling

II. State Transition

BriWi Bfi+1 Wi+1

BriWi Bfi+1 Wi+1

BriWi Bfi+1 Wi+1

nib ≥ Ci

nib < Ci

② State Transition: Empty Trip → Busy Trip

nib = 0

nib := the current number of jobs at the buffer.

Ci := the maximum capacity of the vehicle.
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3.2 Formulation of the sub-systems

II. State Transition

③ State Transition: Pick-up Idling → Busy Trip

BriWi Bfi+1 Wi+1
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3.2 Formulation of the sub-systems

nic ≤ k

BriWi Bfi+1 Wi+1

nic > k

BriWi Bfi+1 Wi+1

⑤ State Transition: Busy trip → Drop-off idling

④ State Transition: Busy trip → Empty Trip

nic := the # of jobs that the vehicle carried.

⑥ State Transition: Drop-off idling → Empty Trip

k := the # of vacancies at the buffer.

BriWi Bfi+1 Wi+1
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III. Rate Balance Equations

3.2 Formulation of the sub-systems

Node ic

πj Pj = 0
P := transition matrix of node j.

πj := steady-state probabilities of node j.
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Proposed performance evaluation method

3.3 Iterative algorithm for solution

Step 1. Initialization for each node
• Steady-state probabilities πj

(0) = 0.

• Probability parameters for other nodes = 0.

Step 2. Iteration loops for each node

• State space Sj{·}.

• Rate balance equations.

• Equivalent transition matrix Pj
(r).

• Solve πj
(r)Pj

(r)=0 using Gauss-Seidel method.

• Update the probability parameters for other nodes.

norm {Π(r)- Π(r-1), inf} >10-8 ?

Step 3. System performance measures
• Steady-state probabilities of each node.

r=r+1

N

Y

Π(r)={πj
(r)}



3

June 12, 2017 SMMSO 2017 17

Proposed performance evaluation method

3.4 Computational experiments for performance analysis

M := the number of workstations. xi := the number of vehicles in each fleet.

A simulation model of system with three workstations
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3.4 Computational experiments for performance analysis

Throughput Θ(X) Sojourn time  T(X)

X ↑ ↑ ↓
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Optimization algorithm for vehicle configuration

4.1 Algorithm procedure

Step 2. Partition and domain compression

Xdn
(0)

Xup
(0)

①

Xdn
(n+1)=fix{X(n)}

Feasible point Infeasible point

②

③

X(n+1)=Xdn
(n)+0.5(Xup

(n)-Xdn
(n))

Xup
(n+1)=ceil{X(n)}

Step 1. Initialization 

Xi

Xi+1

Discrete polyblock method (Li and Sun 2006) w/ Decomposition of State Space Method

Integer Box for Θ(X): 

{(Xup)Θ, (Xdn)Θ}

Integer Box for T(X) : 

{(Xup)T, (Xdn)T}

Xopt∈{Xup
*, Xdn

*}

Step 3. Enumerating-search

Xup
*=max{(Xup)Θ, (Xup)T} 

Xdn
*=max{(Xdn)Θ, (Xdn)T}

Θ(X) ≥ Θ(X)min

Vehicle Configuration Problem: Monotone Integer Programming (MIP)
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Optimization algorithm for vehicle configuration

4.2 Computational experiments for vehicle configuration

External arrival rate:  λ=1.8 units/hour,

Processing rate: μi=2.1 units/hour, 

Buffer capacity:         Nfi =Nri =7 units, 

Vehicle capacity:              Ci=3 units, 

Vehicle transporting rate: vi=0.35 units/hour,     

Vehicle unit cost:              ci =$ 12,000.
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Conclusions

• An integrated production and material handling serial system with state-

dependent batch transfer is considered.

• A decomposition of state space method is proposed for system performance

modeling.

• A vehicle configuration problem is solved by the discrete polyblock method

embedded with the decomposition of state space method.

• Experiments show the accuracy and effectiveness of the proposed approaches.

Continuous-time Markov Chain

Future works:

Generally distributed inter-arrival and service processes
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