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e M/M/1 queue with delayed observation
structure.

Poisson(A) arrival process.

Exp(u) service times.

1 server that serves customers one by one.

Infinite waiting space.
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Exp(f) inter-announcement times:

The administrator of the system announces to all
customers their positions in the system, every Exp(0)
time units.
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The model with delayed observation structure

e M/M/1 queue with delayed observation
structure.

Poisson(A) arrival process.

Exp(u) service times.

1 server that serves customers one by one.

Infinite waiting space.

FCFS queueing discipline.

Exp(f) inter-announcement times:

The administrator of the system announces to all
customers their positions in the system, every Exp(0)
time units.

©00000

@ Upon arrival, each customer decides whether to join
or balk, without observing the system.
© Customers may decide to renege at any time.
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The decision framework

e Objective:
The study of customer strategic behavior (individual
optimization) regarding balking and reneging.
e Reward-cost structure:
R: Service reward.
C': Waiting cost per time unit.
@ Decisions:
To join or balk at arrival instants.
To stay or renege at any later time.
The balking decisions are irrevocable (no retrials).
e Information:
The customers know the performance parameters A, p,
0 and the reward-cost parameters R, C.
They do not observe the system upon arrival.
They observe the system every Exp(f) time units.
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@ Because of the exponentiallity assumptions, the
customers may renege only at announcement instants.

@ Because of the FCFS discipline & the full observation,
they may renege only after the first announcement.

@ A customer stays after the first announcement, if his
position n at the system is such that R — C’E > 0.

@ The best strategy of a customer taking into account
the reaction of the others is to stay if his position n at
the first announcement is such that

n < ne,

with A
Ne = L%J (Naor’s threshold).
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@ The system is unobservable at arrival instants.

@ The strategic behavior of a customer regarding
joining/balking is specified by a joining probability g,.

@ Suppose that all customers use a reneging threshold n,
and joining probability g..

e Under this (n., ¢.) strategy the number of customers in
the system is a CTMC with diagram
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Balking

@ The system is unobservable at arrival instants.

@ The strategic behavior of a customer regarding
joining/balking is specified by a joining probability g,.

@ Suppose that all customers use a reneging threshold n,
and joining probability g..

e Under this (n., ¢.) strategy the number of customers in
the system is a CTMC with diagram
AGs A« AGx A« AGx A«

OBOBRORSEORSETaTE
u u u w
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Stationary distribution of the number of customers:

B.p} if0<n<n,—1,
Bipipa ™ ifn=n,

T, = Wn(”*,Q*) = {
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Stationary distribution of the number of customers:
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where
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Stationary distrib. of the number of customers

Stationary distribution of the number of customers:

- | B if0<n<n,—1,
o= G = { Bopiipls™ ifn 2.,
where
Ag. Ags + 1+ 60— /(Agu + p+0)2 — dgup
P*l - p*2 —
1 24
and

(1= pa)(I = pu)
B* = nx+1

L= pa— et e
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Stationary mean number of customers

Proposition (continued)

The mean stationary number of customers in system is

(1 = pua) (s — Do — nuply + paa]
(1= pa)[L = peo — P + pli paal
(1 = pu1)[nepl — (ne — 1)p%1 pacl

A= @il = mo — it ]

E(n*,q*)(N) =
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Proposition (continued)

The mean stationary number of customers in system is

(1 = pe2)[(ns — 1)p5 " = nupli + pa

]E(n*7 *)(N) = 7 T
E (1= pa)[L = peo — P + pli paal
(1 = pa)[napiy — (i — 1)p5 puol
(1= pu)[l — 2 — i + Pl pia)
@ Proof:
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]E(n*7 *)(N) = 7 T
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@ Proof:

Solving the balance equations using difference
equations or generating functions.
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Stationary mean number of customers

Proposition (continued)

The mean stationary number of customers in system is

(1 = pe2)[(ns — 1)p5 " = nupli + pa

]E(n*7 *)(N) = 7 T
E (1= pa)[L = peo — P + pli paal
(1 = pa)[napiy — (i — 1)p5 puol
(1= pu)[l — 2 — i + Pl pia)
@ Proof:

Solving the balance equations using difference
equations or generating functions.

Computing geometric sums for the normalization
constant and the mean.
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Proposition

Suppose that the customers follow an (n.,q.) strategy.
Consider a tagged customer that finds n customers upon
arriwval (but he does not know about it).

The conditional expected net benefit of the tagged, if he
decides to join is

_ C(n+1)

m if n < ny,
U(n|n*) = n—nx+1
(R—%nL%) (ﬁ) —%, if n > mn,.
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Proposition

Suppose that the customers follow an (n.,q.) strategy.
Consider a tagged customer that finds n customers upon
arriwval (but he does not know about it).

The conditional expected net benefit of the tagged, if he
decides to join is

_ C(n+1)

m if n < ny,
Cn. |, C T L

e U(n|n,) does not depend on A nor on ¢,.

U(n|n,) =
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@ Proof:
e For n < n,, the tagged customer will be served surely.
Net benefit: U, = R — CY,,,
Y,: Erlang(n + 1, u) r.v. representing his soj. time.

Y
U(nn*) = R — CE[Y,] = R — Ot
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e Proof:
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Z: Erlang(n 4+ 1 — ny, p) r.v. representing the time
after Y,, till the departure of the tagged customer.
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e Proof:

e For n < n,, the tagged customer will be served surely.
Net benefit: U, = R — CY,,,
Y,: Erlang(n + 1, u) r.v. representing his soj. time.
)
U(nn*) = R—-CE[Y,] =R — C”T“.

e For n > n,, the tagged customer may not be served.
Net benefit:
Up=(R—-C(Yn+Z)) x>y} — CX1{xcv,),
X: Exp(0) r.v. repres. the next announc. time,
Y,: Erlang(n + 1 — n,, 1) r.v. representing the time
till the tagged customer has no incentive to renege,
Z: Erlang(n 4+ 1 — ny, p) r.v. representing the time
after Y,, till the departure of the tagged customer.

J
U(n|n.) = (R — CE[Z])P[X > Y,] — CE[min(X,Y,)].
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Unconditional net benefit of a customer that decides to join
given than the others follow a strateqy (N, qs):
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Unconditional expected net benefit

Unconditional net benefit of a customer that decides to join
given than the others follow a strateqy (N, qs):
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@ U(n., q.) is decreasing in g, for any fixed n,.
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Equilibrium strategies

Let n = [E2].

Case I: U(n,,0) <0.
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Case I: U(n,,0) < 0. The unique equilibrium is (n.,0).
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Let n = [E2].

Case I: U(n,,0) < 0. The unique equilibrium is (n.,0).
Case II: U(ne,1) <0 <U(ne,0).
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Equilibrium strategies

Let n = [E2].

Case I: U(n,,0) < 0. The unique equilibrium is (n.,0).
Case II: U(ne, 1) <0 <U(ne,0). The unique

equilibrium is (ne, q.), where q. is the unique
solution of the equation

U(ne,q) =0

in (0,1), with respect to q.
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Equilibrium strategies

Let n = [E2].

Case I: U(n,,0) < 0. The unique equilibrium is (n.,0).
Case II: U(ne, 1) <0 <U(ne,0). The unique

equilibrium is (ne, q.), where q. is the unique
solution of the equation

U(ne,q) =0

in (0,1), with respect to q.
Case III: U(ne,1) > 0.
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Equilibrium strategies

Let n = [E2].

Case I: U(n,,0) < 0. The unique equilibrium is (n.,0).
Case II: U(ne, 1) <0 <U(ne,0). The unique

equilibrium is (ne, q.), where q. is the unique
solution of the equation

U(ne,q) =0

in (0,1), with respect to q.
Case I1I: U(ne, 1) > 0. The unique equilibrium is (ne, 1).
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The equilibrium joining probability is an increasing
function of 6.

o Effect of 6 on the throughput:
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Conclusions

o Effect of ¢ on the equilibrium:
The equilibrium joining probability is an increasing
function of 6.

o Effect of 6 on the throughput:
The throughput may not be monotonous function of 6.
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The model with mixed observation structure

e M/M/1 queue with mixed observation
structure.
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The model with mixed observation structure

e M/M/1 queue with mixed observation
structure.

@ Poisson(\) arrival process.
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The model with mixed observation structure

e M/M/1 queue with mixed observation
structure.
@ Poisson(\) arrival process.
© Exp(p) service times.
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The model with mixed observation structure

e M/M/1 queue with mixed observation
structure.
@ Poisson(\) arrival process.
© Exp(p) service times.
@ 1 server that serves customers one by one.
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The model with mixed observation structure

e M/M/1 queue with mixed observation
structure.
@ Poisson(\) arrival process.
© Exp(p) service times.
@ 1 server that serves customers one by one.
@ Infinite waiting space.
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The model with mixed observation structure

e M/M/1 queue with mixed observation
structure.
@ Poisson(\) arrival process.
© Exp(p) service times.
@ 1 server that serves customers one by one.
@ Infinite waiting space.
@ FCFS queueing discipline.
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The model with mixed observation structure

e M/M/1 queue with mixed observation
structure.

@ Poisson(\) arrival process.

© Exp(p) service times.

@ 1 server that serves customers one by one.
@ Infinite waiting space.

@ FCFS queueing discipline.

@ Two kinds of customers:
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The model with mixed observation structure

e M/M/1 queue with mixed observation
structure.

@ Poisson(\) arrival process.

© Exp(p) service times.

@ 1 server that serves customers one by one.
@ Infinite waiting space.

@ FCFS queueing discipline.

@ Two kinds of customers:

e Observing customers that see the queue length before
deciding whether to join or balk.
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The model with mixed observation structure

e M/M/1 queue with mixed observation
structure.

@ Poisson(\) arrival process.

© Exp(p) service times.

@ 1 server that serves customers one by one.
@ Infinite waiting space.

@ FCFS queueing discipline.

@ Two kinds of customers:

e Observing customers that see the queue length before
deciding whether to join or balk.
e Uninformed customers.
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Mixed o.s. Model Framework O-cust U-cust Results

The model with mixed observation structure

e M/M/1 queue with mixed observation
structure.

@ Poisson(\) arrival process.
© Exp(p) service times.
@ 1 server that serves customers one by one.
@ Infinite waiting space.
@ FCFS queueing discipline.
@ Two kinds of customers:
e Observing customers that see the queue length before
deciding whether to join or balk.
e Uninformed customers.
e Each arriving customer is observing with probability
Do or uninformed with probability p, (p, + p, = 1).
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The model with mixed observation structure

e M/M/1 queue with mixed observation
structure.

@ Poisson(\) arrival process.

© Exp(p) service times.

@ 1 server that serves customers one by one.
@ Infinite waiting space.

@ FCFS queueing discipline.

@ Two kinds of customers:

e Observing customers that see the queue length before
deciding whether to join or balk.

e Uninformed customers.

e Each arriving customer is observing with probability
Do or uninformed with probability p, (p, + p, = 1).

@ Upon arrival, each customer decides whether to join
or balk.

Antonis Economou, aeconom@math.uoa.gr M/M/1 with delayed observations



Mixed o.s. Model Framework O-cust U-cust Results Concl

The decision framework

Economou, aeconom@math. M/M/1 with delayed obs



Mixed o.s. Model Framework O-cust U-cust Results Concl

The decision framework

e Objective:

Economou, aeconom@math. M/M/1 with delayed obs



Mixed o.s. Model Framework O-cust U-cust Results Concl

The decision framework

e Objective:
The study of customer strategic behavior (individual
optimization) regarding balking.
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The decision framework

e Objective:
The study of customer strategic behavior (individual
optimization) regarding balking.

e Reward-cost structure:
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The decision framework

e Objective:
The study of customer strategic behavior (individual
optimization) regarding balking.

o Reward-cost structure:
R,, R,: Service rewards for o-customers, u-customers.
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e Reward-cost structure:
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C,, C,: Waiting costs per time unit.
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The decision framework

e Objective:
The study of customer strategic behavior (individual
optimization) regarding balking.

o Reward-cost structure:
R,, R,: Service rewards for o-customers, u-customers.
C,, C,: Waiting costs per time unit.

@ Decisions:
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The decision framework

e Objective:
The study of customer strategic behavior (individual

optimization) regarding balking.
o Reward-cost structure:
R,, R,: Service rewards for o-customers, u-customers.
C,, C,: Waiting costs per time unit.
@ Decisions:
To join or balk at arrival instants.
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The decision framework

e Objective:
The study of customer strategic behavior (individual
optimization) regarding balking.

e Reward-cost structure:
R,, R,: Service rewards for o-customers, u-customers.
C,, C,: Waiting costs per time unit.

@ Decisions:
To join or balk at arrival instants.
The balking decisions are irrevocable (no retrials).
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o Information:
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The decision framework

e Objective:
The study of customer strategic behavior (individual
optimization) regarding balking.

e Reward-cost structure:
R,, R,: Service rewards for o-customers, u-customers.
C,, C,: Waiting costs per time unit.

@ Decisions:
To join or balk at arrival instants.
The balking decisions are irrevocable (no retrials).

o Information:
The customers know the performance parameters A, i
and the reward-cost parameters R,, R,, C,, C,,.
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The decision framework

e Objective:
The study of customer strategic behavior (individual
optimization) regarding balking.

e Reward-cost structure:
R,, R,: Service rewards for o-customers, u-customers.
C,, C,: Waiting costs per time unit.

@ Decisions:
To join or balk at arrival instants.
The balking decisions are irrevocable (no retrials).

o Information:
The customers know the performance parameters A, i
and the reward-cost parameters R,, R,, C,, C,,.
The o-customers observe the system upon arrival.
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The decision framework

e Objective:
The study of customer strategic behavior (individual
optimization) regarding balking.

e Reward-cost structure:
R,, R,: Service rewards for o-customers, u-customers.
C,, C,: Waiting costs per time unit.

@ Decisions:
To join or balk at arrival instants.
The balking decisions are irrevocable (no retrials).

o Information:
The customers know the performance parameters A, i
and the reward-cost parameters R,, R,, C,, C,,.
The o-customers observe the system upon arrival.
The wu-customers do not observe the system.
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Observing customers

@ An o-customer joins, if his position n at the system
(including him) is such that R, — Co%t > 0.
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Observing customers

@ An o-customer joins, if his position n at the system
(including him) is such that R, — Co%t > 0.

o The best strategy of a customer against any strategy
of the others is to join, if his position n given that he
joins is such that

n =< Ne,

with

Ne = L'LLC{%OJ (Naor’s threshold).
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@ The system is unobservable for uninformed customers.
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Uninformed customers

@ The system is unobservable for uninformed customers.

e The strategic behavior of a u-customer regarding
joining/balking is specified by a joining probability g,.
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Uninformed customers

@ The system is unobservable for uninformed customers.

e The strategic behavior of a u-customer regarding
joining/balking is specified by a joining probability g,.

@ Suppose that all o-customers follow an n,-threshold
policy and the u-customers use a joining probability g..
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Uninformed customers

@ The system is unobservable for uninformed customers.

e The strategic behavior of a u-customer regarding
joining/balking is specified by a joining probability g,.

@ Suppose that all o-customers follow an n,-threshold
policy and the u-customers use a joining probability g..

e Under this (n., ¢.) strategy the number of customers in
the system is a CTMC with diagram
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Uninformed customers

@ The system is unobservable for uninformed customers.

e The strategic behavior of a u-customer regarding
joining/balking is specified by a joining probability g,.

@ Suppose that all o-customers follow an n,-threshold
policy and the u-customers use a joining probability g..

e Under this (n., ¢.) strategy the number of customers in
the system is a CTMC with diagram

Ast Ast sl As2 A2 As2
OBOBRORSEOBRSSTeTE
[ [t [t [t [t [t

where A\ = APy + A\pugs, A2 = APugs.
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Stationary distribution of the number of customers:
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Stationary distrib. of the number of customers

Proposition

Stationary distribution of the number of customers:

— _J B yosn<n, -1,
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Mixed o.s. Model

Stationary distrib. of the number of customers

Proposition

Stationary distribution of the number of customers:

B.p if0<n<n,—1,
B.piipsa ™ if n = n.,

Tp = 7Tn<n*7 Q*) =

where

>~
po
*
no

*1

Px1 = y Px2 =

M/M/1 with delayed observations
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Mixed o.s.

Stationary distrib. of the number of cus

Proposition

Stationary distribution of the number of customers:

— _J B yosn<n, -1,

where
)\*1 >\*2
Px1 = y Px2 =
Hu v
and . .
B. — (1= pa)(1 = psa)

C l—pa— P+ oo

M/M/1 with delayed observations
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Stationary mean number of customers

on (continued)
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Stationary mean number of customers

Proposition (continued)

The mean stationary number of customers in the system is
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Stationary mean number of customers

Proposition (continued)

The mean stationary number of customers in the system is
B, g)(N) = (1 — puo)[(ny — )pfl*ﬂ _ln*pzf o
(1 = pa)[l — pu2 — piJr O ol
L = pe)lnepli = (00 = Dpkipea]
(1= pua)[l — pao — P + P75 pac]
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Stationary mean number of customers

Proposition (continued)

The mean stationary number of customers in the system is
B o) = (= pelllne = D = npli + pal
o (1= par)[L = paz = PUi ™ + i ]

L (A= )l = (e = Dpsi pa)
(1= ps2)[L = puz — P + pli pac]
e Proof:
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Stationary mean number of customers

Proposition (continued)

The mean stationary number of customers in the system is
B o) = (= pelllne = D = npli + pal
o (1= par)[L = paz = PUi ™ + i ]

L (A= )l = (e = Dpsi pa)
(1= ps2)[L = puz — P + pli pac]
e Proof:

Using the birth-death product formula for the
stationary distribution.
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Stationary mean number of customers

Proposition (continued)

The mean stationary number of customers in the system is
B o) = (= pelllne = D = npli + pal
o (1= par)[L = paz = PUi ™ + i ]

L (A= )l = (e = Dpsi pa)
(1= ps2)[L = puz — P + pli pac]
e Proof:

Using the birth-death product formula for the
stationary distribution.

Computing geometric sums for the normalization
constant and the mean.
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Expected net benefit

Proposition

Suppose that the customers follow an (n.,q.) strategy.
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Expected net benefit

Proposition

Suppose that the customers follow an (n.,q.) strategy.
Consider a tagged u-customer upon arrival.

Antonis Economou, aeconom@math.uoa.gr M/M/1 with delayed observations



Mixed o.s.

Expected net benefit

Model Framework O-cust U-cust Results Concl

Proposition

Suppose that the customers follow an (n.,q.) strategy.
Consider a tagged u-customer upon arrival.
His expected net benefit, if he decides to join is
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Expected net benefit

Proposition

Suppose that the customers follow an (n.,q.) strategy.
Consider a tagged u-customer upon arrival.
His expected net benefit, if he decides to join is

Unnrg) = Ry — O, 2o\ H1
) 4% (0 u ,U, .
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Expected net benefit

Model Framework O-cust U-cust Results Concl

Proposition

Suppose that the customers follow an (n.,q.) strategy.
Consider a tagged u-customer upon arrival.
His expected net benefit, if he decides to join is

Unnrg) = Ry — O, 2o\ H1
) 4% (0 u ,U, .

@ U(n,,q.) is a decreasing function of ¢, for any fixed n,

(a coupling argument shows that N is stochastically
increasing in g,.
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Equilibrium strategies

Let n. = LC&O"J,
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Equilibrium strategies

Theorem

Letne—L "J,
E() = n67 (N) +1 and E1 = E(n&l)(N)"—l
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Equilibrium strategies

Theorem

Let n, = 2],

o

E() = E(ne,O)(N) + 1 and E1 = E(ne,1)<N) + 1.
Case I. Ey > %.
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Equilibrium strategies

Theorem

Let n, = LC&O"J,
E() = En 0)(N) + 1 and E1 = E(n&l)(N)"—l

Case I Ey > “R“. The unique equilibrium is (ne,0).
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Equilibrium strategies

Theorem

Let n, = LC&O"J,
E() = E(ne,O)(N) + 1 and E1 = E(ne,1)<N) + 1.
Case I: Ey > %. The unique equilibrium is (ne,0).

Case II: Ey < ’% < Ej.
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Equilibrium strategies

Let n. = LC&O"J,

Eo=Eum o0(N)+1 and By = E,, 1)(N) + 1.
Case I. Ey > &. The unique equilibrium is (ne,0).
Case II: Ey < @ < Ey. The unique equilibrium 1s

(1, qe) “where e 15 the unique solution of the
equation

PRy,

C.

E(ne’q) (N) + 1 =

n (0,1), with respect to q.
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equation
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@ The social benefit per time unit under a strategy
(14, Gi) 18
Nyx—1

n+1
S(n*7 Q*) - Z Wn(n*a Q*))\po (Ro - CVo 1 )
n=0

> 1
—l—Zﬂn(n*,q*))\puq* <Ru — C’un: > )

n=0
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(14, Gi) 18
Nyx—1

n+1
S(ns, ) = Z T My @) AP0 (Ro -G, )

n=0 ®
> n—+1
—l—Zﬂn(n*,q*))\puq* <Ru - C, . > )
n=0

e It is too complicated to reduce it in closed form and to
maximize.
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Social benefit per time unit

@ The social benefit per time unit under a strategy
(14, Gi) 18
Nyx—1

n+1
S(ns, ) = Z T My @) AP0 (Ro -G, )

n=0 ®
> n—+1
—l—Zﬂn(n*,q*))\puq* <Ru - C, . > )
n=0

e It is too complicated to reduce it in closed form and to
maximize.

e For each n, =0,1,2,...,n, we find ¢, that maximizes
S(n.«,q.) and then choose the one that gives the overall
maximum, namely (7soe, Gsoc)-
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Conclusions

e Effect of p, on the social benefit:
The optimal social benefit per time unit seems to be
an increasing or unimodal function of p,.
There exists a somehow ‘ideal’” fraction of observing
customers for the society.
In many cases, it is strictly between 0 and 1.

e Effect of p, on the price of anarchy (PoA),
defined as

S(nsom QSOC) X

S(ne7 Qe)

In most cases, PoA is a convex smooth function of p,.
Again this shows the existence of an ‘ideal’ fraction of
observing customers for the society.

But there are cases where the graph of PoA shows

PoA =

pe A aralap2 a A A 2
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Questions?
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