1Extending the Scope of Analytical Methods forPerformance Evaluation of Manufacturing Flow SystemsYves DALLERYLaboratoire d�Informatique de Paris 6 (LIP6)CNRS and Universit� Pierre et Marie Curie4 Place Jussieu, 75252 Paris Cedex 05, FRANCEYves.Dallery@lip6.frAbstractManufacturing flow systems consisting of machines separated by buffers of finite capacityhave been studied a lot in the literature because systems of this type are widely encountered inindustry. The basic assumptions are that the processing time of each machine is deterministic andmachines are subject to random failures. Failure and repair times of each machine are characterizedby probabilistic distributions. The corresponding model is referred to as the asynchronous model.The basic configuration that has been widely studied is the so-called production lines. Analyticalmethods for performance evaluation of production lines have been developed for two differentmodels: the synchronous model and the continuous flow model. For the range of parameters usuallyencountered in practical applications, the behavior of either model is close to that of theasynchronous model, and therefore, these models can be used as approximations of asynchronousmodels. Moreover, for both models, efficient analytical approximation technique have beendeveloped. Most of them methods are based on the decomposition method originally proposed byGershwin and further developed and improved by him and other researchers. Such decompositionmethods have been extended to other topologies, namely closed-loop production lines andassembly/disassembly systems. However, there are other topologies and/or features that areencountered in real systems for which very little work on analytical methods has been done so far. Inthis paper, we show that some of these features can easily be incorporated into analytical methodsbased on the continuous flow model. These features include random yield, split and mergemechanisms, and multi-items assembly systems.Keywords: Manufacturing flow systems, unreliable machines, finite buffers, performanceevaluation, analytical methods, continuous flow model, random yield, split and merge mechanisms,multi-items assembly systems.

21. IntroductionManufacturing flow systems consisting of machines separated by buffers of finite capacityhave been studied a lot in the literature because systems of this type are widely encountered inindustry; see (Dallery and Gershwin 1992) and the references therein. The basic assumptions(especially corresponding to the situation of automated manufacturing systems) are that theprocessing time of each machine is deterministic (i.e., a constant amount of time is necessary toperform the operation on the part) and machines are subject to random failures. Failure and repairtimes of each machine are characterized by probabilistic distributions. The corresponding model isreferred to as the asynchronous model in (Dallery and Gershwin 1992). Failures can be classified intwo categories: operation-dependent failures (ODFs) and time-dependent failures (TDFs) dependingon whether or not a machine may fail only when it is working (Buzacott and Hanifin 1978).The basic configuration that has been widely studied is the so-called production lines.Production lines consist of a set of machines in series separated by finite capacity buffers. The usualassumption relevant for capacity analysis of production lines is that there are always raw partsavailable at the input and that there is always room to accommodate the finished parts at the output(i.e., the first machine is never starved and the last machine is never blocked). The behavior of suchsystems is complex because of the random nature of failures and repairs of the machines and theireffect on the behavior of the whole production line due to blocking and starvation phenomenaoccurring as a consequence of the finiteness of intermediate storage areas. Therefore, performanceevaluation methods are of high importance in the design and operation of production lines. Althoughsimulation if the most widely used tool in industry, analytical methods provide an alternative (andcomplementary) approach for performance evaluation of production lines, and more generally ofmanufacturing flow systems. An excellent illustration of the usefulness of analytical methods can befound in the case study reported in (Burman et al. 1998).A number of methods have been developed for analyzing production lines with unreliablemachines and finite buffers; refer to (Dallery and Gershwin 1992) for a survey and a list ofreferences as well as to (Buzacott and Shanthikumar 1993). Obtaining exact analytical solutions ofasynchronous models of production lines with deterministic processing times is in general notfeasible. As a result, different models have been used to approximate the behavior of asynchronousmodels: the synchronous model; see e.g. Buzacott (1967) and˚Gershwin (1994) and the continuousflow model; see e.g. Alvarez et al. (1994) and Suri and Fu (1994). These models provide a goodapproximation of the original asynchronous model as long as the average times to failure aresignificantly larger than the processing times, which is usually the case in production systems(Alvarez et al. 1994). The basic assumptions are that the distributions of times to failure and times torepair are geometric in the case of the synchronous model and exponential in the case of thecontinuous flow model. For both models, exact solutions of a line consisting of two machines

3separated by a finite buffer can be obtained; see e.g. Buzacott (1967) and˚Gershwin (1994) in thecase of the synchronous model and Gershwin and Schick (1990) and Dubois and Forestier (1982) inthe case of the continuous flow model. The major advantage of the continuous flow model over thesynchronous model is that it applies to any production line, whereas the synchronous model isrestricted to homogeneous lines, i.e., production lines in which all machines have the sameprocessing time.The analysis of longer lines is based on approximation methods. Among these methods, thedecomposition method originally proposed by Gershwin (1987) in the context of the synchronousmodel appears to be the method of choice. Moreover, using the iterative algorithm proposed byDallery et al. (1988) and referred to as the DDX algorithm, this method can be made very efficientand reliable. The decomposition method and the DDX algorithm were then adapted to the continuousflow model of homogenous lines by Dallery et al. (1989). Several extensions of these basic workshave then been developed. The first one pertains to non-homogenous lines. Two approaches havebeen proposed˚: a direct approach and a two-step approach. The principle of the direct approach is toextend the decomposition method to non-homogenous models. (It only applies to the continuousflow model since there is no synchronous model for non-homogenous lines.) Different variants ofthe decomposition method have been proposed for the continuous flow model of non-homogenouslines (Alvarez et al. 1991; Burman 1995; Burman and Gershwin 1997). The method proposed byBurman, has the advantage of always converging. Recently, Le Bihan (1998) has shown that thederivation of Burman�s method can significantly be simplified. The alternative approach to theanalysis of non-homogenous lines consists of two steps. In the first step, the non-homogeneous lineis transformed into an approximately equivalent homogeneous line. The resulting homogeneous lineis then analyzed using the decomposition method for homogeneous lines; see Dallery and Le Bihan(1997) and the references therein for more details. Another extension pertains to the improvement ofthe accuracy of decomposition methods in situations where the original decomposition method maynot provide accurate results. Such a situation is encountered when the reliability parameters (meantimes to failure and mean times to repair) of the different machines have different orders ofmagnitude, which can be the case in real production lines. Such improvements of the originaldecomposition method are based on the replacement of the first-moment approximation of the repairtime of the equivalent machines in the decomposition by a two-moment approximation (Dallery andLe Bihan 1999) or a three-moment approximation (Le Bihan and Dallery 1998).Some work has been devoted to extending decomposition methods to handle manufacturingflow systems more general than production lines. Two important topologies derived from productionlines have been studied. Extensions of the decomposition methods to tree-structuredassembly/disassembly flow systems have been proposed by Gershwin (1991) in the context of thesynchronous model, by Di Mascolo et al. (1991) in the context of the continuous flow model ofhomogeneous lines, and by Gershwin and Burman (1998) in the context of the continuous flow

4model of non-homogeneous lines. An extension of the decomposition method has also been made inthe context of the continuous flow model of closed-loop production lines by Frein et al. (1996) forhomogenous lines and by Patchong (1997) for non-homogenous lines. Although this has not beenexplicitly done yet, by combining these two extensions, decomposition methods can in principle beextended to general assembly/disassembly systems (general in the sense that they may containseveral closed loops).However, there are other topologies and/or features that are encountered in real systems butfor which very little work on analytical methods has been done so far (for more details, refer toDallery and Gershwin (1992) and Helber (1997 and 1998) and the references therein). This includesrandom yield, split and merge mechanisms, and multi-items assembly mechanisms. One approach,that has been followed by Helber (1997 and 1998) for instance, would be to extend decompositionmethods to handle one or more of these features. In this paper, we present an alternative approach.We show that some of these features can easily be incorporated into analytical methods based on thecontinuous flow model. The idea is that a continuous flow model of a general assembly/disassemblyflow system with one or more of the above-mentioned features can be transformed into an equivalentcontinuous flow model with none of the features. Moreover, this transformation is an exactequivalence and therefore does not involve any approximation. Such a transformation is of highinterest since it allows a model with random yield, split and merge mechanisms, and multi-itemsassembly mechanisms to be transformed into a regular manufacturing flow model for whichanalytical methods (mostly decomposition methods) exist. Thus, this approach significantly extendsthe applicability of analytical methods. For the sake of simplicity, we have chosen to present thedifferent results on specific illustrative examples rather than on general models. However, it is worthnoting that the approach proposed in this paper is totally general. Also, we have chosen to presentthe results of this paper in an informal way and therefore, we do not provide formal proofs of theseresults although this can easily be done.Our approach is of interest for two reasons. First it does not require extending existingdecomposition methods since our approach transforms a model with non-classical features such asrandom yield, split and merge mechanisms, and multi-items assembly mechanisms into a basicmodel for which decomposition methods have been developed. Note also that this is done withoutintroducing any further approximation since our transformation is exact. Secondly, it shows someinteresting properties, in the context of models of manufacturing flow systems, on the equivalencebetween mechanisms that at first glance would appear to be of very different nature, for instance splitand merge mechanisms on the one hand and assembly/disassembly on the other hand.

52. Continuous Flow Model of a Production LineConsider a production line consisting of three machines in series, M1, M2 and M3 andseparated by two intermediate buffers B12 and B23, as illustrated in Fig. 1. Parts flow from outsidethe system to Machine M1, then to Buffer B12, then to Machine M2, then to Buffer B23, then toMachine M3, after which they leave the system. We assume that there are always parts available atthe input of the system and space available at the output of the system. Buffers B12 and B23 havefinite capacity. We do not make any specific assumption on the blocking mechanism (blocking-after-service or blocking-before-service). The processing time of each machine is deterministic andmachines are subject to random failures. Let Ti be the processing time of Machine Mi, i = 1, 2, 3.We do not make any specific assumptions on the failures and repairs of the different machines.Namely, failures can be ODFs or TDFs and the times to failure and times to repair of each machinemay have any general distributions. This model is referred to the asynchronous model.

M1B12M2B23M3Figure 1: Illustration of a production lineFor this basic asynchronous model, the corresponding continuous flow model (CFM) has thefollowing features. Buffers B12 and B23 have finite capacity. The finite capacity of these buffers areset to some values C12 and C23. Although different choices can be considered, the capacity of abuffer of the CFM is usually set equal to that of the corresponding buffer in the asynchronous modelif the blocking mechanism is blocking-before-service, and equal to that of the corresponding bufferaugmented by one (the space on the machine) if the blocking mechanism is blocking-after-service;see Alvarez et al. (1994), Dallery and Gershwin (1992) and David et al. (1990) for a discussion ofthis issue. The speed of machine Mi, denoted by Ui, is defined as the inverse of the processing timeof the corresponding machine in the asynchronous model, i.e.: Ui = 1/Ti, i˚=˚1,˚2,˚3.The quantity of material in buffer B12 (resp. B23) at any time is a real number h12(t), where0˚£˚h12(t)˚£˚C12 (resp. h23(t), where 0˚£˚h23(t)˚£˚C23). Each machine can be in two states:operational (not in a failure condition) or down (under repair). When operational, it can be eitherworking or idle. A machine is idle if it is starved or blocked. For the purpose of illustration, let usconsider the behavior of Machine M2 (the behavior of Machine M1 and M3 is similar). Machine M2is starved at time t if Machine M1 is down and buffer B12 is empty. Machine M2 is blocked at time tif Machine M3 is down and buffer B23 is full. When Machine M2 is operational and neither starvednor blocked, it is working. When Machine M2 is working and not slowed down by anothermachine, it transfers material from its upstream buffer, B12, to its downstream buffer, B23, at a

6constant rate U2. That is a quantity of material U2dt is transferred in time dt. However, Machine M2can also be slowed down by Machine M1, if U2 > U1, or slowed down by Machine M3, if U2 > U3.Machine M2 is slowed down by Machine M1 at time t if Machine M1 is working and buffer B12 isempty (and U2 > U1). Similarly, Machine M2 is slowed down by Machine M3 at time t if MachineM3 is working and buffer B23 is full (and U2 > U3). While slowed down, Machine M2 is stillworking but transfers material from its upstream buffer, B12, to its downstream buffer, B23, at areduced rate (either U1 or U3).Let us finally discuss the failure/repair behavior of the CFM. Consider first the case wherethe failures in the original asynchronous model are TDFs. In this case, the failure/repair mechanismin the CFM is exactly identical to that of the asynchronous model. In particular, the times to failureand times to repair of each machine have the same distributions as those of the correspondingmachine in the asynchronous model. This also holds when the failures in the original asynchronousmodel are ODFs under the condition that the production line is homogeneous, i.e., T1 = T2 = T3 = Tfor the asynchronous model, or equivalently U1 = U2 = U3 = U for the CFM. On the other hand, thecharacterization of failures in the case of non-homogenous production lines under the ODFassumption is slightly more involved. This is because machines may be slowed down. The mostgeneral way to define the failure mechanism of the machines of the CFM is to transform the originaltime distributions in the asynchronous model into quantity distributions for the CFM. That is insteadof characterizing the time to the next failure by a random variable, the idea is to characterize theamount of work to the next failure, expressed in terms of a (continuous) quantity of material, by arandom variable; see Suri and Fu (1994) for more details. Note that when the times to failure areexponentially distributed, an equivalent interpretation if to say that the failure rate of the machine isreduced proportionally to the speed reduction; see Alvarez et al. (1994) and Dallery and Gershwin(1992) for more details.The CFM approximates the discrete flow of parts of the asynchronous model by a continuousflow of material. The continuous model can be interpreted as obtained from the asynchronous modelby splitting each part into a set of N identical subparts, each one being processed independently ofthe others by the machines of the production lines. The processing times of the machines as well ofthe capacity of the buffers have to be adjusted accordingly. Namely the processing time of eachmachine is divided by N (since it corresponds to the processing time of a subpart) whereas thecapacity of each buffer is multiplied by N (since a buffer being able to store C parts has to bereplaced by a buffer being able to store NC subparts). The CFM is the model obtained when thistransformation is applied with N going to infinity (after a rescaling of the model pertaining to thebuffer sizes and the processing speeds of the machines). As a result, the discrete processing of partsin the asynchronous model is replaced by a continuous processing of material in the CFM. Note thatTheoretical (David et al. 1990) and numerical (Alvarez et al. 1994) results have shown that the CFMprovides a good approximation of the original asynchronous model as long as the average times to

7failure are significantly larger than the processing times. This condition is referred by Dallery andGershwin (1992) as the multiple time scale (MTS) assumption.3. Production Lines with Random YieldIn this section, we are interested in production lines where some of the machines haverandom yield. Consider first the asynchronous model. The behavior of the model is the same as theone described in Section 2, except for the following feature. Some of the parts produced in theproduction line have quality problems. We assume that those parts cannot be reworked and aretherefore scrapped. We also assume that quality problems occur randomly with the followingspecific behavior. Each part has a probability to be good and we assume independence of the qualityoutcome between successive parts. This behavior will be referred to as random yield. To be specific,consider again a three-machine production line where the second machine has random yield, asillustrated in Fig. 2. Let q2 be the random yield probability of Machine M2. This means that aftercompletion of its operation on Machine M2, the part is either good (with probability q2), in whichcase it is transferred to Buffer B23, or bad (with probability 1-q2), in which case it is scrapped andtherefore removed from the production line. Scrapping

M1B12M2B23M3Figure 2: Illustration of a production line with random yieldLet us now define the corresponding CFM. Again, the behavior of the model is the same asthe one described in Section 2, except for the random yield feature. In the CFM, the scrappingphenomenon is modeled as follows. Whenever material flows out of Machine M2, a proportion q2 ofthis flow is transferred to Buffer B23, whereas a proportion 1-q2 of this flow leaves the system.Consider for instance the situation where Machine M2 is working and not slowed down. It thenprocesses material at a rate U2. As a result, it transfers material at a rate q2U2 into buffer B23 andtransfers material at a rate (1-q2)U2 outside of the production line (this external flow corresponds tothe scrapping phenomenon). We refer to this behavior as the proportional yield mechanism. Notethat in the continuous flow, the routing of material out of Machine M2 is no longer described in aprobabilistic way. This can be explained if we again look at the continuous model as thetransformation of an asynchronous model where parts are split into subparts (as described in Section2). The random yield is now applied at the level of the subparts and as N goes to infinity, things areaveraging and as a result, at any instant a proportion q2 of material is good while a proportion 1-q2 is

8bad and therefore scrapped. Again, the CFM does provide a good approximation of the behavior ofthe original asynchronous model under the MTS condition.Let us now turn to our claim that a CFM with random yield can be equivalently transformedinto a CFM with no random yield mechanism. Let M be the CFM with random yield as definedabove. Let Me denote the equivalent CFM with no random yield mechanism.Definition 1: Equivalent model to the proportional yield CFMModel Me is a classical CFM with the following characterization:- Speed of Machine M1: Ue1 = U1- Speed of Machine M2: Ue2 = U2- Speed of Machine M3: Ue3 = U3/q2- Capacity of Buffer B12: Ce12 = C12- Capacity of Buffer B23: Ce23 = C23/q2If failures are TDFs, the characterization of failures and repairs (expressed in term of timedistributions) in Model Me is identical to that in Model M.If failures are ODFs, the characterization of repairs (expressed in term of time distributions) in ModelMe is identical to that in Model M. As for the characterization of failures (expressed in terms ofquantity distributions), it has to be adjusted proportionally to the change of the processing speed ofthe machines. Namely for Machine M3, the amount of work to the next failure (which is a randomvariable) is multiplied by 1/q2. (If failures are ODFs and times to failure are exponentiallydistributed, the failure rates are the same in Model Me as in Model M.)¤Property 1. Model Me is equivalent to Model M in the following sense:-Failures and repairs of the different machines occur exactly at the same instant in both models.-The quantity of material in each buffer of Model Me is identical (up to a scaling factor) to thatin the corresponding buffer of Model M, at any time t, i.e.:he12(t) = h12(t)he23(t) = h23(t)/q2Proof. Here we give an informal proof of this property. A simple way of understanding thisequivalence is the following one. Model Me can be seen as a modification of Model M in which wedecide to keep the bad parts in the production line and only get rid of them at the output of thesystem. To accommodate the bad parts without affecting the behavior of the production line, weneed to add some space in Buffer B23 since when there is a quantity of material h23 (correspondingto good parts) in Buffer B23 of Model M, there is a quantity of material h23/q2 (corresponding togood and bad parts) in Buffer B23 of Model Me. Thus, the capacity of Buffer B23 in Model Memust be set to Ce23 = C23/q2, part of it (namely q2Ce23 = C23) being devoted to good parts and the

9rest (namely (1-q2)Ce23 = ((1-q2)/q2)C23) being devoted to bad parts. Also, Machine M3 must nowprocess the bad parts in addition to the good ones and therefore its speed must be increased inproportion, i.e.: Ue3˚=˚U3/q2. Part of the capacity (namely q2Ue3 = U3) of the machine is devotedto good parts while the rest (namely (1-q2)Ue3 = ((1-q2)/q2)U3) is devoted to bad parts. It is theneasy to see that these modifications do not change the behavior of the CFM and in particular: failuresand repairs, blocking and starvation, and slowing down phenomena occurs at the same time in bothmodels. As a result, the behavior of both models is identical (up to a scaling factor for the quantity ofmaterial in Buffer B23).¤The equivalence between the two models stated in property 1 is a so-called sample-pathequivalence. It is thus a strong equivalence since it means that the sample-path behavior of the twomodels is identical (up to a scaling factor). This sample-path equivalence of course implies aprobabilistic equivalence of the two models. Thus, all performance parameters are the same in bothmodels (up to a scaling factor for some of them). In particular, let Pi denote the production rate ofMachine Mi, let Qi,i+1 denote the average amount of material in Buffer Bi,i+1, and let si and bi denote the starvation and blocking probabilities of Machine Mi. We have:Pei = Pi i = 1, 2Pe3 = P3/q2bei = bi i = 1, 2, 3sei = si i = 1, 2, 3Qe12 = Q12 Qe23 = Q23/q2 The above equivalence straightforwardy extends the scope of analytical methods in theanalysis of manufacturing flow lines. Indeed, any CFM with random yield can be equivalentlytransformed into a CFM with no random yield. This second model can then be analyzed using thedecomposition methods reviewed in Section 1. The performance parameters of the CFM withrandom yield can then easily be derived from those obtained for the CFM with no random yield.

104. Other FeaturesThe above approach actually applies to a much larger class of manufacturing flow systems.For the purpose of illustration, let us consider some examples. The first example consists of aproduction line with splitting, as illustrated in Fig. 3. The behavior is the same as in a classicalproduction line except that the flow of parts outside of Machine M2 is split into two flows. Some ofthe parts are transferred to Buffer B23 while other parts are transferred to Buffer B24. Let q23 be theproportion of parts that join Buffer B23 and q24 be the proportion of parts that join Buffer B24 (suchthat q23 + q24 = 1). In the asynchronous model, this splitting can be done in different ways: either ina probabilistic way or in a deterministic way. In the corresponding CFM, this issue is irrelevant.Indeed, in the CFM, whenever Machine M2 is working, it transfers a proportion q23 (resp. q24) ofits output flow to Buffer B23 (resp. B24). We refer to this mechanism as proportional splitting. Ourassumption is that Machine M2 needs to respect this proportional splitting at any time. As a result, iffor instance Machine M3 is down and Buffer B23 is full, then Machine M2 is blocked and thereforecannot transfer material to Buffer B24, even if this buffer is not full.B23M3

M1B12M2B24M4Figure 3: Illustration of a production line with a split mechanismIt turns out that for this CFM with splitting, there is again an equivalence with a CFM withno splitting mechanism. In this case, the equivalent model is a disassembly system with the samestructure as that appearing in Fig. 3. The transformation is that the splitting mechanism is replacedby a disassembly mechanism. Thus when Machine M2 is working at a given rate, say U2, ittransfers material in both buffers B23 and B24 at the same rate U2, which is the classical behavior ofdisassembly CFM. Extending the approach developed for production lines with random yield inSection 3, it appears that the two CFMs will now have identical behavior (up to a scaling factor) ifthe equivalent disassembly CFM is defined as follows:

11Definition 2: Equivalent model to the proportional splitting CFMModel Me is a classical disassembly CFM with the following characterization:- Speed of Machine M1: Ue1 = U1- Speed of Machine M2: Ue2 = U2- Speed of Machine M3: Ue3 = U3/q23- Speed of Machine M4: Ue4 = U4/q24- Capacity of Buffer B12: Ce12 = C12- Capacity of Buffer B23: Ce23 = C23/q23- Capacity of Buffer B24: Ce24 = C23/q24The issue pertaining to failures and repairs is the same as that in Definition 1.¤Property 2. Model Me is equivalent to Model M in the following sense:-Failures and repairs of the different machines occur exactly at the same instant in both models.-The quantity of material in each buffer of Model Me is identical (up to a scaling factor) to thatin the corresponding buffer of Model M, at any time t, i.e.:he12(t) = h12(t)he23(t) = h23(t)/q23he24(t) = h24(t)/q24¤Again, it follows from Property 2 that the performances parameters of both models are thesame (up to a scaling factor for some of them). A similar result holds for the merge mechanismillustrated in Fig. 4. The behavior pertaining to the merge mechanism in the CFM of this productionline is as follows. Whenever Machine M3 is working, it pulls a proportion q13 (resp. q23) of itsinput flow from Buffer B13 (resp. B23). We refer to this mechanism as proportional merging. Theassumption is that Machine M3 needs to respect this proportional splitting at any time. As a result, iffor instance Machine M1 is down and Buffer B13 is empty, then Machine M3 is starved and thereforecannot pull material from Buffer B23, even if this buffer is not empty. Note that the behavior of themerge mechanism is the exact dual of that of the split mechanism. The CFM with proportionalmerging is now equivalent to a classical assembly CFM and the behavior and performanceparameters of both models are again the same (up to a scaling factor).M1B13

M2B23M3B34M4Figure 4: Illustration of a production line with a merge mechanism

12Definition 3: Equivalent model to the proportional merging CFMModel Me is a classical assembly CFM with the following characterization:- Speed of Machine M1: Ue1 = U1/q13- Speed of Machine M2: Ue2 = U2/q23- Speed of Machine M3: Ue3 = U3- Speed of Machine M4: Ue4 = U4- Capacity of Buffer B13: Ce13 = C13/q13- Capacity of Buffer B23: Ce23 = C23/q23- Capacity of Buffer B34: Ce34 = C34The issue pertaining to failures and repairs is the same as that in Definition 1.¤Property 3. Model Me is equivalent to Model M in the following sense:-Failures and repairs of the different machines occur exactly at the same instant in both models.-The quantity of material in each buffer of Model Me is identical (up to a scaling factor) to thatin the corresponding buffer of Model M, at any time t, i.e.:he13(t) = h13(t)/q13he23(t) = h23(t)/q23he34(t) = h34(t)¤Let us finally consider an example of a multi-item assembly system, as illustrated in Fig. 5.The behavior is as follows. To perform an assembly operation, Machine M4 requires q14 (resp. q24and q34) units of material from Buffer B14 (resp. B24 and B34). Once the assembly operation isperformed, it transfers one item (one unit of material) into Buffer B45. Note that the classical single-item assembly system corresponds to the situation where q14 = q24 = q34 = 1. It turns out that in thiscase, there is an equivalence between the multi-item assembly CFM and a single-item assembly CFMdefined as follows.

B14M1M2M3M4M5B24B34B45Figure 5: Illustration of a multi-item assembly systems

13Definition 4: Equivalent model to the multi-item assembly CFMModel Me is a classical single-item assembly CFM with the following characterization:- Speed of Machine M1: Ue1 = U1/q14- Speed of Machine M2: Ue2 = U2/q24- Speed of Machine M3: Ue3 = U3/q34- Speed of Machine M4: Ue4 = U4- Speed of Machine M5: Ue5 = U5- Capacity of Buffer B14: Ce14 = C14/q14- Capacity of Buffer B24: Ce24 = C24/q24- Capacity of Buffer B34: Ce34 = C34/q34- Capacity of Buffer B45: Ce45 = C45The issue pertaining to failures and repairs is the same as that in Definition 1.¤Property 4. Model Me is equivalent to Model M in the following sense:-Failures and repairs of the different machines occur exactly at the same instant in both models.-The quantity of material in each buffer of Model Me is identical (up to a scaling factor) to thatin the corresponding buffer of Model M, at any time t, i.e.:he14(t) = h14(t)/q14he24(t) = h24(t)/q24he34(t) = h34(t)/q34he45(t) = h45(t)¤Finally, let us emphasize that the different features can easily be combined. That is, using theapproach presented in this paper, it is always possible to transform a CFM with features such asrandom yield, split and merge mechanisms, and multi-items assembly mechanisms, into a classicalCFM. For example, one could consider a manufacturing flow system having the same topology asthat in Fig. 5, but combining the merge and assembly mechanism. This can easily be done bychanging the values of the parameters q14, q24 and q34. Consider for instance a situation such that:q14 = 0.4, q24 = 0.6 and q34 = 1. This would correspond to a situation where Machine M4 performsan assembly operation between two items; one of these items comes from Buffer B34, while theother comes either from Buffer B14 (40% of the time) or from Buffer B24 (60% of the time). Again,this CFM can be transformed into an equivalent classical assembly CFM with the sametransformation as that given in Definition 4.

14References(Alvarez et al. 1991)R. Alvarez, Y. Dallery and R. David, Une m�thode analytique pour l’�valuation desperformances d’une ligne de production dont les machines ont des vitesses diff�rentes,Technical Report, Laboratoire d’Automatique de Grenoble, 1991.(Alvarez et al. 1994)R. Alvarez, Y. Dallery and R. David, A Study of the Continuous Flow Model of ProductionLines with Unreliable Machines and Finite Buffers, Journal of Manufacturing Systems,Vol.13, No. 3, pp. 221-234, 1994.(Burman 1995)M.H. Burman, New results in flow line Analysis, PhD in Operations Research,Massachusetts Institute of Technology, June 1995.(Burman et al. 1997)M.H. Burman and S.B. Gershwin, Analysis of Continuous Material Models of UnreliableFlow Lines, Technical Report, Laboratory for Manufacturing and Productivity,Massachusetts Institute of Technology, 1997.(Burman et al. 1998)M. Burman, S.B. Gershwin and C. Suyematsu, Hewlett-Packard uses Operations Researchto improve the design of a printer production line, Interfaces, Vol. 28, No. 1, pp. 24-36,1998.(Buzacott 1967)J. A. Buzacott, Automatic transfer lines with buffer stocks, Int. J. Prod. Res., Vol. 5, N�3,pp. 182-200, 1967.(Buzacott and Hanifin 1978)J.A. Buzacott and L.E. Hanifin, Models of automatic transfer lines with inventory banks: areview and comparison, AIIE Transactions, Vol. 10, N�2, pp. 197-207, 1978.(Buzacott and Shanthikumar 1993)J.A. Buzacott and J. G. Shanthikumar, Stochastic Models of Manufacturing Systems,Prentice Hall, New Jersey, 1993. (Dallery and Gershwin 1992)Y. Dallery and S.B. Gershwin, Manufacturing flow line systems: a review of models andanalytical results, Queueing Systems Theory and Applications, Vol. 12, pp. 3-94, 1992.(Dallery et al. 1988)Y. Dallery, R. David and X.L. Xie, An efficient algorithm for analysis of transfer lines withunreliable machines and finite buffers, IIE Transactions, Vol. 20, pp. 280-283, 1988.(Dallery et al. 1989)Y. Dallery, R. David and X.-L. Xie, Approximate analysis of transfer lines with unreliablemachines and finite buffers, IEEE Transactions on Automatic Control, Vol. 34, N�9, pp.943-953, September 1989.(Dallery and Le Bihan 1997)Y. Dallery and H. Le Bihan, Homogenisation Techniques for the Analysis of ProductionLines with Unreliable Machines Having Different Speeds, European Journal of Control ,Vol. 3, pp. 200-215, 1997.

15(Dallery and Le Bihan 1999)Y. Dallery and H. Le Bihan, An improved decomposition method for the analysis ofproduction lines with unreliable machines and finite buffers, International Journal ofProduction Research, Vol. 37, No. 5, pp. 1093-1117, 1999.(David, Xie and Dallery 1990)R. David and X.-L. Xie and Y. Dallery, Properties of Continuous Models of Transfer Lineswith Unreliable Machines and Finite Buffers, IMA J. of Mathematics in Business andIndustry, Vol. 6, pp. 281-308, 1990.(Di Mascolo, David and Dallery 1991)M. Di Mascolo, R. David and Y. Dallery, Modeling and Analysis of Assembly Systems withUnreliable Machines and Finite Buffers, IIE Transactions, Vol. 13, N�4, pp. 315-330, 1991(Dubois and J.-P. Forestier 1982)D. Dubois and J.-P. Forestier, Productivit� et en-cours moyens d’un ensemble de deuxmachines s�par�es par une z�ne de stockage, RAIRO Automatique, Vol. 16, N�2, pp. 105-132, 1982.(Frein, Commault and Dallery 1996)Y. Frein, C. Commault and Y. Dallery, Modeling and analysis of closed-loop productionlines with unreliable machines and finite buffers, IIE Transactions, Vol. 28, pp. 545-554,1996(Gershwin 1987)S.B. Gershwin, An efficient decomposition method for the approximate evaluation of tandemqueues with finite storage space and blocking, Operations Research, Vol. 35, N�2, pp. 291-305, March-April 1987.(Gershwin 1991)S.B. Gershwin, Assembly/disassembly systems: An efficient decomposition algorithm fortree-structured networks, IEE Transactions, Vol. 13, N�4, 1991.(Gershwin 1994)S.B. Gershwin, Manufacturing Systems Engineering, Prentice Hall, New Jersey, 1994.(Gershwin and Schick 1980)S.B. Gershwin and I.C. Schick, Continuous model of an unreliable two-stage material flowsystem with a finite interstage buffer, Tech. Rep. LIDS-R-1039, Massachusetts Institute ofTechnology, 1980.(Gershwin and Burman 1998)S.B. Gershwin and M.H. Burman, A Decomposition Method for Analysing InhomogeneousAssembly/disassembly Systems, Technical Report, Laboratory for Manufacturing andProductivity, Massachusetts Institute of Technology, 1998.(Helber 1997)S. Helber, Approximate analysis of unreliable transfer lines with rework or scrapping ofparts, Post-Doctoral Thesis, June 1997.(Helber 1998)S. Helber, Approximate Analysis of Unreliable Transfer Lines with Splits in the Flow ofMaterial, unpublished manuscript, 1998.(Le Bihan 1998)H. Le Bihan, De nouvelles m�thodes analytiques pour l�valuation de performances de lignesde production, PhD Thesis, Universit� Pierre et Marie Curie, September 1998.

16(Le Bihan and Dallery 1998)H. Le Bihan and Y. Dallery, A robust decomposition method for the analysis of productionlines with unreliable machines and finite buffers, Technical Report LIP6, submitted to Annalsof Operations Research, 1998.(Patchong 1997)A. Patchong, M�thode de mod�lisation, d’analyse et de diagnostic pour l’am�lioration del’efficacit� d’un atelier de production, PhD Thesis, Universit� de Valenciennes et du Hainaut-Cambr�sis, 1997.(Suri and Fu 1994)R. Suri and B-R Fu, On Using Continuous Flow Lines to Model Discrete Production Lines,Journal of Discrete Event Dynamic Systems, Vol. 4, pp. 129-169, 1994.